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Abstract
Hardware implementation in FPGA enables parallel operation 
facility and high speed. This paper proposes an efficient method for 
retrieval of compressive measurements through an advanced L1 
optimization algorithm known as Linearized Bregman algorithm. 
Hardware used floating point unit arithmetic operation, so that 
it gives the same results as that obtained in microcontroller 
and Matlab simulation. Linearized Bregman Algorithm (LBA) 
has good convergence properties and gives fast retrieval of the 
original information. Our Hardware implementation shows that 
the recovered images are truly representative of what is obtained 
by computation.
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I. Introduction
Due to the constraints in acquisition, transmission bandwidth, and 
data piling up, the recovery of compressed sensed data through 
optimization algorithms is a research problem these days. These 
algorithms are used in the compressed sensing application to retrieve 
the original sparse image from small number of measurements. 
As the operation involves matrix and its transpose operations, 
the algorithm is fast. In compressed sensing we use only low 
amount of memory elements and sensing devices for retrieval of 
the original image reconstruction. This type of Iterative algorithms 
in hardware is not available to retrieve the original information; 
thus the Linearized Bregman algorithm hardware will get more 
importance in digital signal processing. LMS algorithm and the 
steepest descent algorithms hardware models are only available 
now. These algorithms take more steps and time to converge 
and step selection also required. Bregman iterative algorithm is 
based on the Bregman distance concept which is used in convex 
functions. But in this algorithm take more minimization steps, 
but by linearizing this algorithm we get better convergence. Main 
ideas came from, people like Emanuel Candes and Donoho with a 
new method of data acquisition called compressive sensing (CS). 
According to them, a sparse signal can be recovered from fewer 
measurements. Typically, this is a basis pursuit problem [1] that 
solves a constrained minimization problem of the form
Min α   α , such that Aα=f.
The above system is an under determined system, which has many   
solutions. The fact of sparsity of the signal in certain domain 
allows efficient recovery of unique solution to such a system. 
However, solving the above underdetermined system through 
linear programming solvers faces difficulty when dealing with 
large matrices. Thus the constrained optimization problem is 
converted to an unconstrained problem of the form 
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2

1 min || ||  || - ||
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This paper proposes an efficient algorithm based on Bregman 
iteration known as Linearized Bregman to solve the above 
unconstrained problem and its hardware implementation in FPGA. 
This will provide fast, reliable parallel computation despite the 

sequential computation in existing systems.     
In this paper we discuss in section II, we introduce definitions 
of Bregman distance and algorithm concepts, then in section 
III, Linearized Bregman algorithm and its working concept. 
In section IV, explain the details of compressed sensing and its 
concept. It is shown in section V, explain proposed hardware 
and its implementation using verilog. In section VI results and in 
final section VII, describe that the Linearized Bregman algorithm 
hardware solves the compressed sensing problem quickly and 
accurately.

II. Bregman Algorithm
Bregman iterative algorithm [2] proposed by S. Osher, M. Burger, 
D.Goldfarb, J. Xu and W. Yin is an efficient algorithm for convex, 
constraint optimization problems of the form

u
min  {J(u)+H(u,f)},                  (2.1)
Where :J X R→  and :H X → �  are closed set convex negative 
functions with respect to u X∈ , for a fixed ‘f’. Assume that the 
function H(u,f) differentiable.  
Bregman distance:

Fig. 1: Bregman Distance Calculations Using Convex Graph 
[1].

Bregman distance DΦ(a,b)  for convex functions is defined based 
on the given fig. (2.1) as  

           (2.2)
The Bregman Iterative Algorithm has many applications in image 
denoising and basis pursuit problems because it has some very nice 
convergence properties. Bregman iterative procedure is simple, but 
efficient method for solving the basis pursuit problem. Monotonic 
decrease in the residual term, convergence to the original image 
or signal that we are trying to recover in the residual term with 
exact data, and convergence in terms of Bregman distance to the 
original image or signal with noisy data.
But this algorithm each steps needs to calculate the minimization of 
the step, which has Bregman distance equation and differentiable 
function. Thus it is computationally expensive and low speed, 
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so by the linearized Bregman algorithm steps we get a good 
convergence property, which is faster and less computationally 
expensive. 

III. Linearized Bregman Algorithm
Linearized Bregman Iterative Algorithm, which solves the basis 
pursuit problem quickly and accurately [2]. Bregman algorithm 
is computationally expensive, because at each step the algorithm 
minimization of the following objective function requires the

p kD (u,u )+H(u).                            (3.1)     (3.1)
In the first iteration easily get

1

u X
u  = (J(U)+H(U))                                  (3.2)min 

∈    (3.2) 
Thus the first iteration of this algorithm solves (3.1). The Bregman 
Iterative algorithm continues up to the residual term converges, 
since our initial problem needs the residual term to be minimal. 
In basis pursuit problems we assume 

( ) ( ) 2

1 2

1 J u  = u  and  H u  = Au - f 
2

Linearized Bregman algorithm less computationally expensive 
and minimization of the above terms becomes linearized and gets 
simplified. Minimization of the steps in (3.1) started by linearizing 
H(u) for given uk and we approximate H(u) by,

kH ( u ) = H ( u ) + H ( u ) , u-u ).                            (3.3)k k〈∇    (3.3)
Since this approximation is only accurate for u close to uk, added 
a penalty term,

,

it makes the objective function bounded below. Then we find 
that k 2 k

2H(u )  and  H(u ) � � are constant with respect to u and we 

apply this to the basis pursuit problem and let 2
2

1( )
2

kH u u u= −� �  
Finally we got 

    (3.4)
Where the shrinkage operation [2] definition given as:

Linearized bregman algorithm:
Initialize:  u = 0, v = 0
While ‘‘ f Au−� �  does not converge ’’ do

                       
end While  
Thus the Linearized Bregman algorithm allows for quick and 
efficient computations than the original Bregman. Linearized 
Bregman algorithm implemented in FPGA is used in Optimization 
technique in real time applications. Linearized Bregman algorithm 
is an efficient algorithm for convex optimization problems and 
this has been applied to many problems including image denoising 
and basis pursuit because it has some very nice convergence 
properties.

IV. Compressed Sensing
The base of the signal reconstruction in signal processing is the 
Shannon-Nyquist Sampling theorem [5], which states that the 
sampling frequency must be greater than or equal to its twice 
the highest frequency. Normally, the resolution determines a 

measurement complexity. So, the sampling in a usual sense is 
to satisfy the requirements of highest frequency components. 
Eg., To acquire a complex or fast varying wave containing high 
frequencies, we need to containing high frequencies, we need to 
sample at twice that of fastest rate. To get n-pixel resolution, we 
need n sensors. 

A. Compressive Sensing
Compressive Sensing (CS) acquires a signal or images of interest 
indirectly by correcting a small number of its “projections” rather 
than using sampling theorem [8-9]. Compressed sensing collects a 
small number of projections (non-adaptive or random) and builds 
a signal of interest indirectly, based on the information content 
than the Bandwidth. Combine sparse signal representation, with 
incoherent measurement matrix and approximation theory.  The 
Aim of the compressed sensing is to obtain attributes of a signal 
from minimum possible measurements.

B. Sparsity
Sparsity expresses the idea that the “information rate” of a 
continuous-time signal may be much smaller than that suggested 
by its bandwidth [5]. Signals are sparse means that they have 
sparse or approximately sparse representations when projected in 
an appropriate domain like Fourier Transform, Discrete Cosine 
Transform, Wavelet transform etc. or dictionaries Ψ [7].
Sparse in any basis can be done as                                                                                                               

Matlab implementation operation equation

Where Φ is a m x n matrix with n >> m, d is k-sparse, Then n 
> 2k data points are required for A=  to obey the restricted 
isometry [6]. 
Where   and the B matrix is a orthogonal 
random matrix .
and  and then the Φ matrix has the dimension nx2n 
and we got the same dimension for A matrix also, which is the 
one input to the linearized bregman algorithm and the other input 
has n number of measurements. Here we reconstruct the sparse 
image with size 32X32, details explained in results.

V. Hardware Implementation of Linearized Bregman 
Algorithm
FPGA implementation of Linearized Bregman algorithm provides 
fast retrieval of original sparse images or signals from small 
number of measurements compared to microcontroller and other 
devices. FPGA provides parallel operations also, but other tools 
provide sequential operations only. Linearized Bregman algorithm 
provides fast retrieval of the images. Single precision Floating 
point unit [3] is used for all arithmetic operations in this Linearized 
Bregman architecture. This documents describes a free single 
precision floating point unit and it can perform add, subtract, 
multiply and divide operations [3]. Floating point unit takes four 
clock cycles for every operation. Integer to floating point and 
floating point to integer conversion are done using mat lab codes. 
The floating point unit is fully IEEE 754 compliant. The proposed 
hardware uses three floating point unit and every input to this 
hardware and output from this architecture have 32 bit IEEE 754 
format. This architecture works based on the main counter, which 
increment after every four clock cycle. The output of the floating 
point unit obtained initially after four clock cycle, the next output 
obtained at the next cycle itself since it is pipelined architecture. 
Matrix multiplication is the main block in the hardware, which 
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is performs multiplications and accumulation operations. Here 
in this hardware, multiply and accumulation operation needs two 
successive floating point units. The input to the multiplier is read 
after every four clock cycles only, sine it should be pipelined to 
adder unit. 

A. Proposed Architecture 
In the proposed architecture, we use mainly three floating point 
units, RAM for one input matrix, measurement matrix and norm 
square of the measurements, threshold input, two more auxiliary 

inputs and initial values(Fig. 5). All the inputs to this architecture 
have 32 bits, which is of the floating point format. The output will 
get the same format and bit size and obtained as full N(size of the 
image) sized vector at the end stage of the iteration, when stopping 
condition satisfied. This architecture is operated in two steps, 

Fig 5.1: Our Proposed Architecture of Linearized Bregman Algorithm

therefore the same floating point can be reused for many arithmetic 
operations. The original image x with size N, which is sparse in 
the DCT domain, should be reconstructed from M number of 
measurements.  Matrix with dimension M ×1 is read from RAM, 
given as the one input to the Linearized Bregman hardware. In this 
architecture we used mainly one counter and some sub counters 
too. Counter output will be located from the address locations of 
RAM and intermediate memories are used.  
The inputs to the Linearized Bregman architecture are stored in 
RAM. The first floating point unit used for multiplication operation 
of rows of the matrix and transpose of that matrix and columns 
of the other column matrix at different steps. The next floating 
point unit used for addition of the outputs of the row and column 
multiplied elements. The third and final floating point unit used 
for multipurpose operations other than the matrix multiplications 
taken place in this architecture. Our proposed architecture used 

for efficient recovery of compressive sensing measurements with 
Linearized Bregman algorithm is shown in fig. 5.1.
In the proposed hardware, the first four blocks contain the multiplier, 
adder used for accumulation, subtraction and multiplication and 
accumulation unit used for norm calculation. In the second step 
have the operations multiplication and addition, accumulation 
for transpose matrix multiplication with the same floating point 
units used in the above step. After this addition, we do addition, 
subtraction, multiplication, division of norms and subtraction for 
a stopping bit.

B. VLSI Implementation of Linearized Bregman 
Algorithm
Here the elements of the input matrix A with dimension M ×N 
are read from RAM which has total size MN, one dimensionally 
and row wise. This is the first input to the floating point multiplier 
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unit at the first step and read the same elements in the RAM 
A in different manner for getting transpose of the matrix at the 
next step. First N address locations in RAM U contain first row 
elements and the next rows of the matrix are below that address 
locations sequentially. At first step, the other input to the floating 
point multiplier unit, read from the RAM U using lower N bits of 
the main counter in first iteration and after that every iteration the 
previous final output of the architecture feedback to this input port 
as in fig. 5.2. The final output of the first step is given to the input 
of this multiplier unit at every second step of iterations.
The hardware takes every elements of the row of the matrix A, 
at every counter increment and after N inputs read the next row 
element will read. The other input port the input will repeat after 

N counter increment. Then every counter increment we got the 
multiplied out and it will added using another floating point unit 
after the next counter increment after the multiplication. Thus the 
complete multiplication of the first row elements with N input  
with one counter delay. After the next counter value increment 
the accumulation also completed and obtained the first element of 
the matrix multiplication. This operation has certain periodicity 
in terms of input N and thus we can control the entire operations. 
At these points, we need to take the output for the further steps, 
so we create separate control lines at that instances. The detailed 
working of the multiplication operation of the floating point unit 
1 explained using block diagram, as shown in fig. 5.2.     

Fig. 5.2: Floating Point Unit 1 and 2 Operations Block Diagram

The second input to the multiplier unit will repeat after every N 
counts and multiplied with elements of the matrix A row wise in 
the first step of iteration. At the second step of the iteration, the 
elements of the transpose of the matrix A read from the RAM A 
by changing the locating register input, by concatenate by lower 
log2N bits and upper log2M bits respectively. The second input to 
the multiplier unit will repeat after every M counts and multiplied 
with elements of the matrix A, column wise in the second step 
of iterations.
After every four clock cycle, the main counter is incremented by 
1, up to MN and then resets to 0. In each iteration has two step 
and in each step the counter will complete its full count up to it 
maximum. After every count, the input continuously coming to 
the multiplier unit and at the next count output of the previous 
input is obtained with one counter delay. We need the accumulated 
value of successive N and M outputs of floating point multiplier 
unit at the first and second step respectively. So we create two 
control lines in different steps for controlling the accumulation 
of multiplied outputs. Accumulation is performed by using the 
second floating point unit which has two inputs. Output of the 
register is fed back to the adder unit for accumulation continuously 
up to N addition and after that N addition connected to next stage. 

When the control lines become low the register input set to zero 
and at the negative edge of the control signal the elements of the 
matrix multiplication operation are obtained sequentially. 

Fig. 5.3: Floating Point Unit 3 Operations in Step 1 Using Block 
Diagram
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The third floating point unit is used for multiple purpose i.e, for 
all other operations in the algorithm and these operations are 
performed parallel to the above matrix multiplications. This 
floating point unit operation is controlled by one input register 
value with three bits, which changes its value for different control 
lines. Input to this unit is different for different control lines and 
the output is obtained at the floating point unit output port, which is 
connected to every register. This forms the input to the next stages, 
corresponding to particular control line only that blocks works. 
When one control line becomes low, the inputs corresponding to 
that control line is given to the input ports. 
The input port1 of this floating point unit reads  the element of 
measurement matrix from RAM with size M using one counter 
which is controlled by particular control line and at the same 
time input port2 of this unit gets the output from second floating 
point unit. The operation mode of the floating point unit set for 
subtraction operation. Then we get the subtracted value as output 
as shown in fig 5.3, which is used for calculating he norm block 
and is also stored in the memory with size of M, since this value 
is taken as the input to first floating point unit in the second step 
to read the outputs sequentially using M-bit counter. 
After the first subtraction operation in the first step is completed, 
this floating point unit is used for finding the norm of the above 
value. Both the input port takes the same value for multiplication 
operation performed, at the next counter cycle itself after 
subtraction take place. Another two new control lines are used 
for calculating the norm of the above subtracted values and the 
operation is similar to multiply and accumulation unit. Since the 
multiplication taken place after each subtracted output obtained 
in first step and after that the accumulation of the square values 
in an interval of N counter delay as shown in fig. 5.3. 
Two more 32-bit inputs are given to Linearized Bregman 
architecture at different instance for different operation. After 
the above accumulation operation completed, these operations 
taken place in starting of the second stage of the iteration. This 
accumulated value divided by one of the inputs, which is the 
square of the norm (Y, 2), where y is the measurement matrix. 
After that, the next instance subtraction of the new input value 
from the previous obtained value. If the sign bit is one, then the 
overall operation is stopped. The block diagram of the hardware 
is shown below in fig. 5.4

   
Fig. 5.4: Floating Point Unit 3 Operations in Step 1 Using Block 
Diagram

After this norm and subtraction with the epsilon value, we get the 
sign bit of the subtracted output. When the sign bit is one, then 
the iteration completed and operation become stopped after this 
second step. The output obtained at the memory U or directly 
stored to one text file from output port at that instant. In the second 
step the third floating point unit used, after first element of the 
matrix multiplication is performed. This output is connected as 
the input to this floating

Fig. 5.5: Floating Point Unit 3 in Step 2 as Addition Using Block 
Diagram

point unit and the other input is read from another memory initially 
cleared all address location to zero, which has size of N. Next 
process is addition as shown in fig. 5.5 after which the output 
is stored at the same memory location by using two counters, 
which are incremented according to two successive control lines 
with one main counter delay. The stored value is again taken at 
the next iteration and the operation continues. After this addition 
each element undergoes the shrinkage and delta multiplication 
operation. 

Fig. 5.6: Floating Point Unit 3 Operations in Step 2 as Shrinkage 
Operation With Block Diagram

Shrinkage operation performs the subtraction operation of the 
new single 32 bit input in IEEE 754  format from the above each 
added output obtained at the output of the third floating point 
unit in second step, using pipeline concept. This operation takes 
place when the corresponding control line becomes low. After 
the output is obtained from the floating point unit, one register 
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takes the value for further operations. Check the signed bit of the 
output to calculate whether the output is greater than zero or not. 
If the obtained output is greater than or equal to zero, then the 
output changes its sign according to the sign of the added output 
obtained at the previous stage. The sign bit of the added input 
to this subtraction operation replaced the sign bit of the output 
obtained after subtraction and concatenated with the other lower 
bits. If the sign of the previous stage adder output is zero there is 
no change, otherwise the sign is changed. If the obtained output 
is lesser than zero, the output becomes zero. This will work like 
a multiplexer and its selected line is sign bit of the subtracted 
output as shown in fig. 5.6.

Fig. 5.7: Floating Point Unit 3 Multiplication Operation of 
Shrinkage Out With Delta Input in Step 2 Using Block Diagram

These inputs multiplied and the obtained output accumulated up 
to 1024 multiplications. After that obtained output subtracted from 
the input read from the RAM, where we stored the measurement 
matrix. After the output of the matrix multiplication obtained, that 
value subtracted from the first location of the RAM pipelined. Thus 
the delay can be reduced, since there is no need for complete output 
of the matrix multiplication. There is only one FPU operation 
delay only extra taken after the matrix multiplication completed. 
The subtracted value stored in one memory, which is stopping 
condition in this step and used for next step operations. After 
the stopping bit becomes 1, then we take the value stored in the 
memory after this iteration, the final value of that iteration. The 
stopping condition can be determined at starting of the second 
step matrix multiplication itself. 
Delay is the one of the main problem occurred in this hardware 
implementation, due that controlling this iterative algorithm more 
complex. Delay occurred to get the final output of the step 1 
and step 2, due to the delay taken by every floating point unit. 
Every operation done in parallel after the element wise matrix 
multiplication obtained. Each floating point units have taken 
four clock cycle delays. These delays also considerable for the 
operation of the iterative algorithm since the operation one step 
will extend to the other and vice versa. So it should be controlled 
inside the entire operations.In sep1 the final output obtained after 
matrix multiplication and pipelined subtraction, so there should be 
delay due floating point multiplication, addition and subtraction. 
The outputs of the subtraction operation will be input of the next 

step operation. The output will be stored in one memory with size 
M which is larger than the delay occurred so there is no problem 
of storing the final output of the step 1 in the memory. These 
values are read sequentially from the memory location using one 
counter, then getting enough time to store in the memory than 
time required for that value for the next state operations. Thus the 
hardware has no delay problem in between this intermediate step 
except in the case of control lines which should be complex. The 
delay sequence in step 1 output is shown below in fig. 5.9.

Fig. 5.9: Flow of Delay Occurred in the Second Step

Due to this delay step 1 cannot perform the final squaring operation 
of subtracted value and the other operations up to stopping 
bit calculation. Because of the hardware becomes pipelined 
architecture, we can identify these norm calculations in the first 
step itself and this is advantage in the pipelined architecture.
The same delay problem occurred in second step also, these delays 
occurred when completing the second step of the iterations for 
getting the final output of that iteration. But this total delay does 
not affect the entire operation since it is stored in the last memory 
location and the requirement of that output only after N counter 
increments, where N should be very much greater than the total 
delay count. So there is no delay problem occurred due to the 
second step also up to the last iteration and delays occurred in 
the following sequence in fig. 5.10 below

Fig. 5.10: Flow of Delay Occurred in the Second Step

After the stopping condition satisfied, at the last iteration the 
hardware should wait for the completion of the second step. The 
completion will be extended to the next iteration first step, due 
to delay occurred to different floating point operations conducted 
in second step at the final stage only due to delay taken an extra 
counter increments after this much delay time in first step to 
stop.

VI. Results
Here we implemented this algorithm hardware to reconstruct the 
original sparse image from incomplete measurements with the 
help of following parameters and floating point unit, obtained 
the output 100% similar to the MATLAB  simulation output. The 
parameter and used values in Linearized Bregman algorithm are 
given in Table 6.1.

Table 6.1 Parameters and Used Values 
PARAMETER VALUE
μ 0.2
δ 0.9
Epsilon 10^-(0.75)

Image dimension 32 × 32 
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For the above parameters, we checked the output and number 
of iterations. we got the same number of iterations and 100% 
perfect similar output also. The hardware implemented Linearized 
Bregman algorithm obtained images are100% similar to the 
Linearized Bregman algorithm using the MATLAB simulation, 
the comparison shown below in fig. 6.1 and fig. 6.2, large size 
figure ,which is blurred due to enlarge the 32X32 size image. 

Fig. 6.1: Enlarged Image and Image Obtained in MATLAB

 
Fig 6.2: Enlarged Image and Image Using Values Obtained in 
Hardware 

VII. Conclusion
Hardware implementation of the Linearized Bregman algorithm 
implemented in FPGA has many applications in the real time. Here 
we implemented this algorithm hardware to reconstruct the original 
sparse image from incomplete measurements. Linearized Bregman 
algorithm is the good choice, since it has good convergence and 
it is computationally expensive. It is faster algorithm and it takes 
only much less iterations. Thus we can reconstruct the sparse 
image with lesser memory and with in lower time. This type of 
optimization algorithms do not exist, so this Linearized Bregman 
algorithm hardware implementation gets importance in the Digital 
Signal Processing field. FPGA becomes more faster, since parallel 
operation possible. But other devices like microcontrollers do not 
support parallel operations.   
Future work will include development of the other version of 
the Bregman algorithm called split Bregman algorithm. This 
technique will be helpful to that implementation.
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