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Abstract
Hamming codes are a family of linear error correcting-codes that 
can detect up to two simultaneous bit errors and correct upto one bit 
errors. This paper propounds an advanced software implementation 
of Hamming Code using VHDL, with an incremental approach 
to generate a 15 bit circuit using a 7 bit seed circuit. Up to 33% 
reduction in the circuitry is observed , the seed circuit can be 
further used to design larger circuits to save the storage space by 
reducing the total number of gates used. Optimization of Hamming 
codes is useful as it finds a wide variety of applications from 
fields ranging from genetic barcode designing [1] to satellite 
communication & finding employability in IEEE 802.3 [2].
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I. Introduction
Whenever bits flow from one point to another they are subjected 
to unpredictable changes due to interference. This interference can 
change the shape of the signal [3]. Coding theory is the study of 
methods for efficient and accurate transfer of information from 
one place to another. Hamming code is one such method that is 
widely used [4-5].
These are also called Systematic codes.Systematic codes are those 
in which each code symbol has exactly c binary digits where m 
digits are associated with message while the other p=c-m are for 
error detection and correction [6].
This approach can be useful as a change in a single bit is more 
probable than a change in two or more bits. The goal of hamming 
codes is to create parity bits that overlap in a way such that a single 
bit error can be detected and corrected. Optimization helps in 
reducing the circuitry and thereby reduces the storage space. 
The paper propounds a way through which the 7 bit hamming 
code circuit can be optimized.Hamming code provides an 
error correction mechanism that is used by many applications 
including dynamic random access memory chips and satellite 
communications devices.As Hamming codes find numerous 
applications in various industries therefore reducing the circuitry 
would be of great importance.
Initially this paper reviews the traditional 7 bit circuit with 9 ex-
or gates. Section III  presents the optimized circuit using 6 ex-or 
gates that is being further used as a seed in Section V to build an 
optimized circuit for 15 bit hamming code. Section IV represents 
a comparison between the basic and the optimized circuits. Finally 
the last section concludes how optimization has been achieved 
and its importance.

II. Basic Seed Circuit
The traditional circuit for 7 bit Hamming Code is generated using 
9 ex-or gates [1].
In general, if a message M with m bits is to be transmitted over 
an error prone channel, then a codeword C with c bits must be 
generated using the given equation.
c = m + p ≤ 2p – 1
where p stands for parity bits. This is according to a thesis proposed 
by R.W. Hamming in 1947.

For Example, if ‘m’ is taken as 4 then ‘p’ is equal to 3 and c is 
equal to 4 plus 3 i.e 7. Similarly if ‘m’ is taken as 11 then according 
to the above equation ‘p’ is equal to 4 and ‘c’ becomes 15.Given 
below are the equations for generation of parity bits on the basis 
of which a circuit can be designed. 
For a 4 bit message M=M7M6M5M3, three parity bits will be 
generated i.e. P1,P2 and P4 as
P1=M7@M5@M3@ P1    (1)
P2=M7@M6@M3@ P2    (2)
P4=M7@M6@M5@ P4    (3)
where @ represents an xor operation. An initial  value of 0 for each 
parity bit is assumed to enable evaluation of these equations.
Understanding with an example,
If we take the message M= M7M6M5M3=1101, then
P1=1@0@1@0=0
P2=1@1@1@0=1
P4=1@1@0@0=0
Using equations (1),(2) and (3) it is seen that 9 xor gates are 
required to build a typical circuit(Figure 1).
In the next section this basic circuit is optimized using an 
iterative approach where only 6 xor gates are required to build 
the circuit. 

III. Optimization of Seed Circuit
As it is seen above a 7 bit circuit requires 9 xor gates.The number 
of gates are reduced by using an iterative approach to build the 
same circuit as above i.e. a 7 bit hamming code circuit.Optimized 
hamming approach is based on iteration and depends upon the 
value of MSB to be 1 or 0. 
This can be implemented with the help of a theorem given 
below:
For any message M = Mm-1 … M5M3,if:
1. The Hamming parity for M is equal to Pq … P4P2P1
2. q is a power of two
3. m is equal to 2q – 1
Then the parity for MmMm-1 … M5M3 is either equal to Pq … 
P4P2P1 or equal to ‘Pq… ‘P4’P2’P1 depending on the value of 
Mm being a 0 or a 1 respectively [1].
In general the theorem states that “in an incremental approach, 
if the value of the MSB is equal to “0” then all the parity values 
generated uptil the previous step are kept intact and if the value 
is equal to “1” all the values are flipped or toggled.
For Example, for a message M= M7M6M5M3=1101, parity bits 
can be computed in the following way:
STEP 1:  Initially ignore the MSB i.e M7 and xor rest of the bits 
according to the equations.
P1’=M3@M5 = 1@0=1    (4)
P2’=M3@M6 = 1@1=0    (5)
P4’=M5@M6 = 1@0=1    (6)
Here P1’,P2’,P4’ represent the intermediate parity bits.
STEP 2: Compute the final parity bits by xoring each of the 
intermediate parity(P1’,P2’,P4’) by M7.
P1=M7@P1’ = 1@1=0    (7)
P2=M7@P2’ = 1@0=1    (8)
P4=M7@P4’ = 1@1=0    (9)
As the value for M7 bit in this example was taken to be 1, it can 
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be seen that values for all the intermediate parity (P1’, P2’, P4’) 
is flipped.
Comparing equations (1),(2) and (3) with (4),(5),(6),(7),(8) and 
(9),its can be seen that the optimized approach requires only 6 xor 
gates, thus reducing the circuitry. It represents an alternative way 
of computing the parity bits that requires less space and hence 
proves to be a better approach.
The optimized 7bit Circuit has been implemented as shown in 
the fig. 2.

IV. Comparing Basic and Optimized Circuits

Basic Circuit Optimized Circuit

Does not use an incremental 
approach.

Uses an incremental approach.

Number of xor gates used 
is 9.

Number of xor gates used is 6.
The circuitry is reduced by
100-((6/9)*100)=33.33% ~ 33 
%

The storage space required 
is more.

The storage space required is 
less.

V. Developing 15 Bit Circuit
Using the seed circuit (the optimized 7 bit circuit above), 
optimization of the 15 bit circuit is done.
Generally, a 15 bit hamming code circuit requires 28 xor gates. 
This can be shown by the following equations required to compute 
the parity,
P1 =P1@M3@M5@M7@M9@M11@M13@M15
P2=P2@M3@M6@M7@M10@M11@M14@M15
P4=P4@M5@M6@M7@M12@M13@M14@M15
P8=P8@M9@M10@M11@M12@M13@M14@M15
By using the seed circuit the number of gates has been reduced to 
24. This is achieved by using  the already optimized circuit for 7 
bit to generate a circuit of larger bits so that the number of gates 
used can be reduced. This can be seen from Figure 3, that by using 
the already optimized 7 bit circuit as a seed circuit, the number of 
gates required have been reduced. Only 24 ex-or gates have been 
required in this implementation instead of 28.
Therefore it can be said that by storing the smaller circuit in 
memory and then incrementally adding other bits to generate a 
larger circuit requires less storage space.

VI. Conclusion
The implementation of the 7 bit basic and optimized circuit has 
been done successfully using vhdl as depicted in the screenshots 
below. This shows that the circuitry has been reduced by 33%, 
by reducing the number of ex-or gates used from 9 to 6. This 
optimized circuit is further used as a seed for building up a 15 
bit circuit that uses just 24 ex-or gates instead of 28. This proves 
that by optimizing a single 7 bit circuit, larger circuits can be 
incrementally optimized.Hence memory space can be reduced 
by storing a smaller circuit in memory that can be later used to 
build larger circuits. 

VII. Figures/ Screenshots

Fig. 1: Exclusive or Implementation of 7 Bit Code Using 9 
Gates

Fig. 2: Exclusive or Implementation of Optimized 7 Bit Code( 
6e x-or-Gates)

Fig. 3: Exclusive or Implementation of Optimized 15 Bit Code(24 
Gates)
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Screenshot 1: Simulation Using 9-xor Gates

Screenshot 2: Simulation Using 6-xor Gates
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