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Abstract
The authors present here a comparative study of model order 
reduction of lumped parameter linear section of a transformer 
model into any sizeable order reductions as specified by the 
user. The two computational optimization techniques, namely, 
Particle Swarm Optimization (PSO) and Bacterial Foraging 
Optimization (BFO) are employed here to obtain the lower 
order model. In PSO and BFO methods, the numerator and 
denominator polynomials of the reduced order model of 
the system are computed by minimizing the various integral 
square error between the original higher order system. Their 
performance is evaluated and compared with the help of 
various error criteria like Integral Square Error (ISE), Integral 
of Time multiplied Absolute Error (ITAE), Integral of Absolute 
Error (IAE), etc. PSO and BFO algorithm obtains a better lower 
order approximant that reflect the characteristics of the original 
higher order system and the performance evaluated using these 
methods are compared. The proposed method guarantees 
stability of the reduced order model, if the original high order 
system is stable. The method is illustrated with the help of an 
example using Mat lab 2010 environment. 

Keywords
Transformer, Model Order Reduction, Stability, Integral 
Square Error, Particle Swarm Optimization, Bacterial Foraging 
Optimization.

I. Introduction
The analysis of original high order system is both tedious and 
costly as high order system is too complicated to be used in 
real life problems. Therefore to analysis such systems, it is 
necessary to reduce it to a lower order system, which is a 
sufficient representation of the higher order system. In the 
recent decades modeling of complex dynamic systems is one 
of the most important subjects in engineering and science. A 
model is often too complicated to be used in real life situations. 
So approximation procedures based on physical considerations 
or mathematical approaches are used to achieve simpler 
models of the original one. Efforts towards obtaining low-order 
models from high-degree systems are aimed at deriving stable 
reduced-order models from stable original higher order ones 
and ensuring that the reduced-order model matches some 
quantities of the original one.
In this paper, proposed model order reduction techniques 
applied to the linear section of a transformer which is considered 
to be one of most important component of power system. The 
transformer designer employs detailed electrical models to 
develop reliable and cost effective transformer insulation. The 
study of electromagnetic transients in power transformers 

requires detailed and accurate models that reflect various 
important characteristic; such as internal voltage distribution 
and input-output responses. The exact model will then include 
a high order network model with resistances (R), inductances 
(L) and capacitances (C). To perform system studies, utility 
engineers also need to represent the transformer in some 
details. It is impractical to use the detailed model in system 
studies because of its size and the resultant computational 
burden. Finally, reduced order models are necessary for system 
studies. Reduced models are obtained either by calculations 
or by direct measurement on constructed transformers. Direct 
measurement technique only feasible after construction of the 
transformer and so it is not available for design stages [1-3].
The actual modeling of a transformer can be done with 
the help of a string of inductances tapped by their parallel 
capacitances to earth and shunted by their stray capacitances 
between windings. This model is called”detail model” and have 
good accuracy but it basically is more complicated. Further 
calculating the real transfer function of transformer is difficult 
and need to have exact parameters of transformer [4].
Various others methods are there in the literature for order-
reduction of linear continuous systems in time domain as 
well as in frequency domain [5-11]. Model order reduction of 
linear section of  system i.e. transformer is presented using 
pole clustering method by Srinivasan and Krishnan[5].Further, 
the extension of single-input single-output methods to reduce 
multi input multi-output systems has also been carried out 
in [12-15]. Each of these methods has both advantages and 
disadvantages. In spite of several methods available, no single 
approach always gives the best results for all systems. The 
stability analysis method is also one of the popular and effective 
techniques of the various model order reductions available 
in the literature [16]. This method preserves stability in the 
reduced model, if the original high-order system is stable, and 
retains the first two time-moments of the system, thus ensuring 
steady-state response matching for impulse and step inputs 
between the original high-order system and the reduced order 
model. Some interesting variants on the basic technique have 
also appeared in the literature, which shows that the stability 
equation approach may be applied to non-minimum phase [17] 
and oscillatory systems [18]. This method was also combined 
with Pade approximation method by Chen et al. [19] and in 
order to overcome the drawback of approximating the non-
dominant poles of the original system, an improved method 
over Pade approximants using the stability equation method 
was proposed by Pal [20]. Parthasarathy et al. combined this 
method with modified Cauer continued fraction technique in 
order to retain the rank of the high-order system in the reduced 
order model [21].
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Further, various other methods of order reduction are also 
available in the literature [22-30], which are based on the 
minimization of the integral square error (ISE) criterion. However, 
a common feature in these methods is that the values of the 
denominator coefficients of the low order system (LOS) are 
chosen arbitrarily by some stability preserving methods such 
as dominant pole, Routh approximation methods, etc. and 
then the numerator coefficients of the LOS are determined 
by minimization of the ISE. Hewitt and Luss [31] suggested 
a technique, in which both the numerator and denominator 
coefficients are considered to be free parameters and are 
chosen to minimize the ISE in impulse or step responses. 
Recently, bio-inspired based Particle Swarm Optimization (PSO) 
technique appeared as a promising algorithm for handling the 
optimization problems. Particle swarm optimization (PSO) is a 
population-based stochastic optimization technique developed 
by Eberhart and Kennedy [32] in 1995, inspired by social 
behavior of bird flocking or fish schooling. The PSO method is 
a member of the wide category of Swarm Intelligence methods. 
PSO shares many similarities with evolutionary computation 
techniques such as Genetic algorithms [33]. The system is 
initialized with a population of random solutions and searches 
for optima by updating generations. Further, a new nature 
-inspired computation technique, namely bacterial foraging 
(BF) optimization, has been proposed [34-36]. In this approach, 
the foraging behavior of E. coli bacteria, including locating, 
handling, and ingesting food, is mimicked. They can be classified 
as four stages such as chemo taxis, swarming, reproduction, 
and elimination and dispersal, which are modeled to tackle 
optimization problems.
In this paper, Particle Swarm Optimization and Bacterial 
foraging optimization techniques are used independently to 
higher order systems and a suitable lower order system is 
modeled and compared using various integral square error 
(ISE) criteria. The organization of the paper is as follows: Section 
II, discusses details about lumped linear transformer model. 
Section III, discusses the problem statements. Particle Swarm 
Optimization and Bacterial Foraging Algorithms with their flow 
charts are given in section IV. Results and discussions are 
discussed in section V, with numerical examples on Matlab 
2010 platform. Finally, we conclude in section VI.

II. Linear Model of Electrical Transformer 
For analysis of a linear model of an experimental coil given 
in [1, 5] is taken as the test system (10 section model) in 
the identification of the lumped parameters of the electrical 
transformer model. The various typical linear sections of 
the transformer shown in the fig. 1 having series resistance 
rs, a shunt resistance Rs, a self-inductance L11 and a series 
capacitance Cs, plus a parallel combination of a resistance Rg 
and a capacitance Cg with respect to ground node. There are 
mutual inductances between the sections shown in fig. 1.
The lower end of linear section of electrical transformer is 
grounded and the test signals are applied in the top node.
Apply KCL at top node of linear section of air core transformer 
shown in fig. 1 as given in paper Srinivasan and Krishnan 
[5].

   (1)
Here, i , il ,e ,ic and ir refer to total injected currents, inductor 
currents, nodal voltages, capacitor currents and resistor 
currents respectively. L-1 ,G and C are the matrices of inversed 

nodal inductance, conductance and capacitance respectively. 
Taking the derivatives of (1) with respect to t, we obtain,

   (2)
Let us consider the following parameters as,

     (3)
Using above , the equation (2) can be stated as

    (4)
Multiplying (4) by C-1 and solving for   resulting in  

   (5)
From equation (5), we obtain the state variable form
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The state space variable technique is employed in identification 
process and full order (10 th order) model poles and zeros are 
obtained from the above process as tabulated in the Table 1.

Fig. 1: Air core Transformer and its sections

Table 1: Poles and Zero of High order (10th ) Model
Nodes Poles Zeros
1 3.05 7.40
2 10.35 16.85
3 19.88 28.47
4 31.35 41.95
5 44.55 56.55
6 58.65 71.45
7 72.95 85.45
8 86.40 97.15
9 97.62 104.95
10 105.10 ---

III. Statement of the Problem
Let the nth order linear time invariant higher order system can 
be represented in frequency domain by the transfer function 
matrix as
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here, Nn(s) and Dn(s) are respectively, the numerator polynomial 
and denominator polynomial of the nth higher order system. 
Ai and ai refer to the constant matrices of numerator and 
denominator polynomial respectively.
The problem is to find an mth lower order model Rm(s), where, m<n 
keeping in view that the reduced model retains the important 
characteristics of the original system and approximates its 
response as closely as possible for the same type of inputs 
with minimum integral square error. 
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where, Nm(s) and Dm(s) are the numerator matrix polynomial 
and common denominator of the reduced order model 
respectively. Bi and bi are the constant matrices of numerator 
and denominator polynomial of the same order respectively.
The integral square error (ISE) is considered as objective 
function and which can be expressed as below
ISE=     (11) 
where, Yt is the unit step time response of the given higher 
order system at the tth instant in the time interval 0≤ t ≤ ∞ and 
yt is the unit step time response of the lower order system at 
the same  time instant. 
The reduced order model Rm(s) have to be obtained so that 
it must retains all important characteristics of higher order 
system G(s) for a specified set of inputs, namely step and 
impulse.

IV. Bio- Inspired Algorithms
PSO is an evolutionary computation technique developed by 
Eberhart and Kennedy [32] in 1995, which was inspired by 
the Social behavior of Bird flocking and fish schooling. PSO 
has its roots in artificial life and social psychology as well as in 
engineering and computer sciences. It is not largely affected by 
the size and non- linearity of the problem and can converge to 
the optimal solution in many problems where most analytical 
methods fail to converge. Particle Swarm Optimization has 
more advantages over Genetic algorithm as given in paper S.N. 
Deepa [33] as follows:  PSO is easier to implement and has 
fewer parameters to adjust. Every particle in PSO remembers its 
own previous best value as well as the neighborhood best. PSO 
utilizes a population of particles that fly through the problem 
space with given velocities. Each particle has a memory and it is 
capable of remembering the best position in the search space 
ever visited by it. The Positions corresponding to the Best fitness 
is called pbest (also called local best) and the global best out 
of all the particles in the population is called g best. 
At every iteration step, the velocities of the individual particles 
are updated according to the best position for the particle itself 
and the neighborhood best position.
The velocity Vi of ith each agent can be modified by the following 
iterative equation:
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where, k
iV =Velocity of agent i at iteration k. 

W=Weighting Function

C1 and C2 = acceleration/weighting factor. 
R1 & R2 = random number between 0 and 1. 

k
i

S = Current position of agent i at kth iteration.
Pbest i =Pbest of agent i. 
gbest =gbest of the group. 
The current position can be modified by the equation
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The algorithmic steps which are involved in Particle Swarm 
Optimization Algorithm are as follows: 
Step 1: Choose the relevant parameters of PSO. 
Step2: Initialization is done here for a population of particles 
with random positions and velocities in the problem space. 
Step 3: Calculate the desired optimization fitness function for 
each particle. 
Step 4: For each Individual particle, compare the Particles 
fitness value with its pbest. If the Current value is better than 
the pbest value, then update pbest for agent i. 
Step 5: Identify the particle that has the best fitness value.  The 
value of its fitness function is identified a gbest.
Step 6: Compute the new Velocities and Positions of the 
particles according to equations [12-13]. 
Step 7: Repeat steps [3-6] until the stopping criterion of 
maximum generations is met.
The flowchart of the PSO algorithm is shown in fig. 2

Fig. 2: Flowchart of PSO Algorithm

V. Bacterial Foraging Optimization- An Overview. 
It depends upon the fitness criteria of the bacteria, which 
relies upon their food searching and motile behavior. The law 
of evolution supports those species who have better food 
searching ability and either eliminates or reshapes those with 
poor search ability. The stronger genes of those species gets 
propagated in the evolution chain since they posses ability to 
reproduce even better species in future generations. So a clear 
understanding and modeling of foraging behavior in any of the 
evolutionary species is required for finding its application in 
many non-linear system optimization algorithms. The foraging 
strategy of E. coli bacteria present in human intestine can be 
explained by four processes namely Chemo taxis, Swarming, 
Reproduction, Elimination and Dispersal.
The mathematical derivations and theoretical aspect of this 
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new concept are presented in [34-36]. This technique can 
optimize the coefficients of reduced order model. The algorithm 
of the Bacterial Foraging Optimization is as follows:

A. Step1-Initialization of parameters
p   : Number of parameters to be optimized.
S  : Number of bacteria used for searching the total region.
Ns : Refers to Swimming length after which tumbling of bacteria 
will be accounted for in a chemotactic loop.
Nc : Number of iterations to be under taken in a    chemotactic 
loop (Nc > Ns).
Nre: The maximum number of reproduction to be under 
taken.
Ned: the maximum number of elimination and dispersal events 
imposed over the bacteria.
Ped: the probability with which the elimination and dispersal 
will continue.
The location of each bacterium P(1-p,1-S,1) is specified by 
random numbers on [-1,1]. To simplify the design algorithm, 
we assume the value of C(i) to be constant in our case for all 
the bacteria.

B. Step-2 Iterative algorithm for optimization
Here we model the bacterial population chemotaxis, swarming, 
reproduction, elimination and dispersal (initially, j = k = l = 0). 
For the algorithm updating θi automatically results in updating 
of ‘p’. We denote below the symbols used in various loops.
1. Elimination-dispersal loop: l = l+1
2. Reproduction loop: k = k+1
3. Chemotaxis loop: j = j+1
(i) For i=1, 2… S, calculate objective/fitness function value for 
each bacterium i as follows.
Compute value of objective function J (i, j, k, l). 
Let, Jsw (i, j, k, l)=J(i, j, k, l) + Jcc (θ i ( j, k ,l), P( j,k,l)) (i.e., add on 
the cell to-cell attractant effect for swarming behavior).
Let Jlast=Jsw (i, j, k, l) to save  this value since we may find a 
better fitness via a run.
End of For loop
(ii) For i=1,2,.., S take the tumbling/swimming decision
Tumble: Generate a random vector Δ (i) ∈ RP with each element 
Δm (i)  m=1, 2, ..p a random number on [-1, 1].
Move: Let
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Fixed step size in the direction of tumble for bacterium i  is 
considered.
Compute J (i, j+1, k, l) and then let Jsw (i, j+1, k, l) =
J (i, j+1, k, l )+ Jcc (θ i ( j+ 1, k ,l) , P( j +1,k,l))
Swim :
i) Let m=0; (counter for swim length)
ii) While m < Ns (have not climbed down too long)
• Let m=m+1
• If Jsw (i, j+1, k, l) < Jlast (if doing better),
let Jlast = Jsw (i, j+1, k, l) and let
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and  use this θ i ( j +1, k, l) to compute  the new J(i, j+1, k, l)
Else, let m=Ns. This is the end of the while statement.
(iii) Go to next bacterium (i+1) if i≠S (i.e. go to b) to process 
the next bacterium.

4. If  j <  NC , go to step 3. In this case, continue chemotaxis 
since the life of the bacteria is not over.
5. Reproduction
(i) For the given k and l, and for each  i=1,2,..S, let

be the health of bacterium i (a measure of how many nutrients 
it got over its life time and how successful it was at avoiding 
noxious substance). Sort bacteria in order of ascending cost 
Jhealth (higher cost means lower health).
(ii). The Sr=S/2 bacteria with highest Jhealth values die and 
other Sr bacteria with the best value split (and the copies that 
are made are placed at the same location as their parent)
6. If k < Nre go to 2, in this case, we have not reached the 
number of specified reproduction steps, so we start the next 
generation in the chemotactic loop.
7. Elimination-dispersal: For i=1,2,..S, with probability Ped, 
eliminate and disperse each bacterium (this keeps the number 
of bacteria in the population constant) to a random location 
on the optimization domain.

VI. Numerical Example And Results
The simulations were carried out on a Pentium IV, 3 GHz 
computer in the MATLAB 2010 Environment. The flowchart 
describing the entire reduced order model using PSO is shown 
in fig. 2, and algorithm for BFO method is given in above BFO 
section.
A numerical example is chosen from literature for comparison 
of the resulting reduced order system with the original high 
order system. An ISE error index J (objective function) between 
the transient parts of original higher order response and the 
proposed reduced order response is calculated to measure 
the closeness of R(s) to G (s). 
Let us consider a 10th order system described by the transfer 
function [5]:
G(s) = [N(s)/D(s)]          [14]
where we may assume,
N(s)=S9+574S8+1.385e5S7 + ………..+7.012e10S4+2.062S3 
+3.478e13S2+2.94e14S+9.49e14
and
D(s)=s10+621.3s9+………. 8.381e13s3+ 7.13e14s2+ 
5.344e15S+9.4e15
From PSO method, The optimized reduced order (2nd order) 
model corresponding to higher order system transfer function 
G(s) is obtained as below.

From BFO method, The optimized reduced order (2nd order ) 
model corresponding to higher order system transfer function 
G(s) is obtained as below.

The reduced order models are compared with some of existing 
methods and an integral square error(ISE) is  calculated 
between the original and reduced order system with the help 
of objective function/fitness function 
ISE (
where, Yt is  unit step response of high order system and yt is 
unit step response of lower order model.
For getting convergent simulation results, we have suitably taken 



IJECT Vol. 2, IssuE 4, oCT. - DEC. 2011ISSN : 2230-7109 (Online)  |  ISSN : 2230-9543 (Print)

w w w . i j e c t . o r g  InternatIonal Journal of electronIcs & communIcatIon technology 229

the parameters for PSO and BFO algorithms. The simulation 
results obtained for the reduced order system modeling using 
PSO and BFO are provided in Table 2.

Table 2: Simulation Results for Reduced Order Model using 
PSO & BFO

Algorithm ISE IAE ITAE Time  
PSO 0.259 0.309 0.257 15sec
BFO 0.159 0.267 0.135 10sec

The Table 2, shows the closeness between the original and 
reduced order models by calculating the value of integral 
square error (ISE), integral of time multiplied by absolute error 
(ITAE) and integral of absolute magnitude of the error (IAE).It is 
also observed that the time taken for optimization process is 
comparatively higher in PSO search algorithm than BFO search 
algorithm. The Integral Square Error also comes out minimal 
in BFO compared to PSO algorithm.
We note from Table 2, that the proposed scheme yields better 
value for objective function ISE as compared to other methods. 
For a comparison of PSO and BFO, we have studied the step 
and impulse responses of the original higher order system as 
well as the reduced order system. The unit step response of 
the high order system and the step response obtained from 
PSO and BFO algorithms are shown in fig. 3. The same for the 
impulse input are shown in fig. 4. The fig. depict that output 
produced using both algorithms appears closer to the ideal i.e., 
the lower order model maintains the original characteristics of 
the given higher order system.
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Fig. 3: Step response of high order system and ROM using PSO 
and BFO method
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VII. Conclusion
In this paper, an optimization algorithm for order reduction of 
electrical transformer lumped parameter 10th order model 
is reduced to second order model has been presented. The 
reduction algorithm is based on minimization of the integral 

square error by PSO and BFO techniques pertaining to a unit 
step and impulse inputs. Also a comparative study has been 
made using both of the methods on different types of error 
criterion. The simulation results indicate that both PSO and 
BFO can be used in the search of parameters during system 
modeling. The closeness between original and reduced order 
model is calculated by using objective function like Integral 
Square Error (ISE), ITAE and IAE, the BFO determines a minimal 
value of error than does the PSO. In terms of computational 
time, the BFO approach is faster than PSO. The algorithms PSO 
and BFO have proved themselves to be effective solutions to 
the optimization problems. Stability of reduced order model is 
assured if the given higher order system is stable. Finally, for 
both approaches the major issue in implementation is based 
on the selection of an appropriate objective function and it can 
be used in controller design of system.
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