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Abstract
In this paper, we study the modulation diversity obtained 
by rotating the signal constellation and incorporating bit 
interleaving. We derive here the closed form expressions for 
the average bit error rate (ABER) of rotated PSK modulation 
over frequency non-selective slowly Rayleigh fading channel 
using moment generating function (MGF) based approach. 
Numerical results are obtained to compare the performance 
of conventional and rotated modulation schemes. The results 
show the improved performance of rotated scheme over 
conventional method. We also find the optimum rotation angle 
for rotated PSK scheme and discuss the results.
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I. Introduction
Fading causes significant degradation of the performance of 
wireless digital communication systems. One way to reduce 
the effect of fading is to apply diversity techniques on the 
communication systems. Diversity can be implemented 
as space, time, frequency, code and modulation [1-11]. In 
recent years, modulation diversity obtained by applying a 
certain rotation to the signal constellation, is attracting much 
interest to the researchers [12]. Rotation diversity employs an 
interleaver/ de-interleaver pair to have in-phase and quadrature 
components of the received signals affected by independent 
channel fading coefficients. These fading coefficients called 
channel state information (CSI) are assumed to be known at 
the receiver. The idea of rotating signal constellation to have 
good performance on Gaussian and Rayleigh fading channels 
was presented in [2, 10].
In this paper the authors derive the closed form expression 
for pair-wise error probabilities for rotated phase shift keying 
(PSK) on a frequency non selective Rayleigh fading channel 
and obtain optimum rotation angles. The derivation of error 
probability is based on moment generating function (MGF). 
The rest of the paper is organized as follows: in section II the 
system model is described. The performance analysis and error 
probability are presented in section III. Section IV presents 
the numerical results and discussions. Finally, conclusion is 
drawn in section V.

II. System model
Rotated PSK scheme has a signal constellation rotated by a 
certain constant phase angle over conventional PSK scheme, 
as shown in fig. 1. The solid circles in fig. 1, represent the signal 
points for conventional PSK modulation whereas, the open 
circles show those of θ0–rotated case. The conventional PSK 
has always one component common with some other symbols 
in the constellation and so symbol interleaving does not offer 
appreciable signal-to-noise ratio (SNR) gain. But when rotation 

is applied, the symbols do not have common components. 
Thus symbol interleaving introduces a diversity gain into the 
system [13].
Because of the rotation of signal constellation and symbol 
interleaving, rotated modulation scheme has a different 
transmitter structure as shown in fig. 2.

Fig. 1: Signal constellation for Conventional QPSK (unrotated) 
and rotated QPSK

Fig. 2: Block diagram of PSK transmitter

The rotated PSK modulator generates I and Q channels which 
are orthogonal to each other. The in-phase (sI) and quadrature 
(sQ) components of the transmitted signal on these two channels 
are independent from each other. The transmitted signal thus 
can be written as

 (1)

with with equal probability

and  representing the shape of the 
pulse. In the above equation, fc is the carrier frequency and 
T is the symbol duration. Inclusion of redundancy by rotating 
signal constellation, the bit-interleaved transmitted signal can 
be written as 

(2)
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where, ,and
 and  represents the modulator 

gain.The interleavers are selected such that the two in-phase 
and quadrature components will be independent after de-
interleaving. The rotating phase angle is chosen such that the 
squared Euclidian distance between signals constellations are 
maximized for both the components. The closest constellation 
points for binary PSK (BPSK) scheme depends on the rotation 
angle. We assume a digital communication channel to be 
frequency non-selective slowly fading with multiplicative 
fading envelope and additive white Gaussian noise (AWGN). 
The received signal is then written as  

    (3)                                                        
where,  represents Rayleigh fading envelope and n(t) 
represents zero mean Gaussian noise. Since we have assumed 
slow fading, the fading amplitude is regarded constant over one 
symbol interval. The block diagram for the receiver structure of 
rotated PSK scheme is sketched in fig. 3. The received signal 
is first applied to correlated demodulators (two orthogonal 
carriers  and  multiply the received 
signal in two different branches) and then de-interleaved. The 
outputs of de-inteleavers are rI & rQ, the inphase and quadrature 
components of the received vector r given by
r=(rI, rQ)=(α1sI+n1,α2sQ+nQ)   (4)

Fig. 3: Block diagram of PSK receiver

III. Performance analysis and error probability
We assume ideal interleaver with & as independent 
identically distributed (i.i.d) Rayleigh random variables of zero 
mean and variance N0/2 with . The 
quantities nI & nQ representing in-phase and quadrature noise 
components, are assumed independent random variables 
with zero mean and variance N0/2. We further assume that 
complete channel state information (CSI) is available at the 
receiver and the detection is based on maximum likelihood 
ML decision [12, 14]. The decision metric  based 
on ML detection can be written as

              (5)                                
where α = (α1, α2) represents the fading amplitudes in in-
phase and quadrature components. The quantity si  
corresponds to the i-th symbol of rotated BPSK constellation, 
‘ ’ denotes the norm and  symbolizes component-wise 
product. The average bit error probability conditioned on fading 
amplitude can be written as                
          (6) 
                     

where,  s = (sI, sQ) and ŝ = (ŝI, ŝQ) denote the in-phase and quadrature 
components of the signal s,  and 
Q(.) is the Gaussian Q- function defined by

                                (7)

The above conditional probability of pair-wise error event can be 
averaged out over the probability density function (PDF) of the 
fading amplitudes to get average bit error probability. Letting 

  and  , the average bit error rate (BER) 
can be obtained as [15]

         (8)
where   is the PDF of the random variable y = y1+y2 and 
My(β) denotes the moment generating function of y, defined 
as 
My(β) =             (9)

The MGF of Rayleigh distributed random variable can be derived 
to yield [15]
           (10)   
  
The MGF of y is given by [16], which can be expressed as

         (11)      

  (12)   

 (13)

By substituting , the
above equation reduces to 

               
(14) 
where, . Since c1 and c2 are functions 

of θ, so are  and . Thus the error probability as given in 
equation (14) depends on θ.
The ABER can be expressed in the closed form [17, Eq. 3.211] 
as

    (15)                                                          
where  is Appell hypergeometric function and 
B(a,b) is the beta function.At high SNR, the hypergeometric 
fuction converges to one and the upper bound of error rate 
can be expressed as

        
                                                                 (16)      
                                                
For binary symbols s1 and s2, the above equation reduces to 
For binary case, the symbols are s1 and s2, and the bit error 
probability reduces to

    (17)
It is observed that the bit error probability is a function of 
rotating angle θ, the ABER is required to be minimized with 
respect to θ. When, θ=00 (a case without rotation), the PSK 
signal constellations are pair-wise symmetric with respect to 
the two axes and the performance of the system reduces to 
conventional BPSK.
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IV. Numerical results

Fig. 4: BER versus SNR (dB) for un-rotated BPSK and rotated 
BPSK for different rotation angles.

Fig. 4, depicts the performance BER versus SNR (dB) for different 
values of rotation angle θ°. The upper curve is for conventional 
BPSK scheme (un-rotated case, θ=00).  As the rotation angle 
increases from 0° to 45° the system performance improves 
that is, the BER decreases with the increase in SNR values.  
At the typical BER of 10-3, the SNR gain improves by 7.0 dB for 
150, 10 dB for 300 and 10.3 dB for 450.  A further increase in 
the rotation angle beyond 450 lowers the performance index 
due to the symmetrical dependency of BER on rotation angle. 
When the angle of rotation is increased beyond 450, the values 
of and in Eq. (13) are interchanged. This gives identical values 
of  P(s→ŝ) for complementary angles. The (*) marks on the 
curves for 150 and 300 indicate the values obtained for 750 and 
600, respectively.  The figure also reflects that at a typical SNR 
of 24 dB, the BER is 9.5*10-4 for θ=0°; 4.2*10-5 for θ =15° & 
75°; 1.47*10-5 for θ=30° & 60°; and 1.11*10-5 for θ=45°.

Fig. 5: Variation of BER with rotation angle θ for fixed SNR 
(dB)
Fig. 5, shows the plot of bit error rate with the rotation angle θ 
for three typical SNR values of 10, 20 and 30 dB. The minimum 
value of BER is observed at θ = 45o for all the values of SNR. 
The symmetric nature of the curves can be explained in the 
light of the discussions made in fig. 4. As the SNR is increased, 
the BER decreases as expected.

V. Conclusion
We have derived the closed form expression for the average 
bit error rate for rotated PSK modulation over frequency 
non-selective slowly Rayleigh fading channel using moment 
generating function (MGF) based approach. The optimum 
rotation angle is obtained by plotting the bit error rate against 
the signal to noise ratio. The error performance is significantly 
improved over conventional PSK modulation. Improvement in 
SNR is also studied for various rotation angles.
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