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Abstract
A numerical investigation of first two eigenenergy states of 
double quantum well triple barrier structure has been carried 
out considering GaAs/AlxGa1-xAs material composition to 
estimate the probability of resonant tunneling in presence 
and absence of electric field. The structure is made realistic 
by considering the finite thickness of contact barriers, and 
concept of effective mass mismatch is also incorporated 
to the solution of Schrödinger’s equation with variation of 
mole fraction of AlxGa1-xAs  material. This also leads to the 
potential asymmetric effect which is studied along with the 
independent effect of barrier width and well width variation, 
and consequence of modification of contact barrier thickness 
on energy eigenvalues is evaluated. Variation of mole fraction 
in presence of electric field provides a shift in eigenenergies for 
resonance transmission, and electric field increment suggests 
the existence of shift in eigenstates and corresponding 
modification of resonance condition.
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I. Introduction
With the recent trend from deviation of Moore’s law due to the 
saturation of number of transistors in a VLSI chip, alternative 
appropriate solutions are required to satisfy the need of 
the day, which shapes the inclination of research towards 
development of quantum confined structures with the aim 
that miniaturization, should be possible beyond the existing 
saturation point. Carrier confinement along reduced dimensions 
can be realized from quantum wells, wires and dots which have 
several micro and optoelectronic applications [1 - 3]. A good 
theoretical foundation hence therefore is very much essential 
to understand the quantum-transport processes which initiates 
the revolution of existing VLSI industry, which can be predicted 
by better mathematical modeling and numerical computation 
based on those models with increasing level of sophistication. 
First generation theoretical researches [4] rightly exposed the 
fact that quantum states with desirable energies can be made 
by proper dimensional control, and transport processes of 
these heterosturctures are dependent on coupling between 
adjacent quantum states [5, 7] which are formed due to the 
quantization of carriers in the direction of confinement. 
Intense research work has already been carried out to 
compute eigenstates [8, 10] in multibarrier semiconductor 
heterostrucutre, along with electronic conductance and the 
study of tunneling of a particle through an arbitrary number 
of finite rectangular barriers has also been reported [11]. 
Computation of eigenenergy for resonance transmission 
can be analyzed by solving time-independent Schrödinger’s 
equation with proper boundary conditions so that a complex 

transcendental equation is formed having roots as the complex 
eigenenergies of the heterostrucutre [12]. TBRT structure 
subjected to biased and as well as unbiased conditions 
[10] can be analyzed by different numerical procedures as 
suggested by previous workers like  Variational Method [13], 
Airy’s function approach [6], [14, 15], Finite Element Method 
[16], Transfer Matrix Technique [8], [10], [17- 19], Weighted 
Potential Method [20]. A comparative analysis among these 
methods for analyzing computation of electrical characteristics 
reveals the fact that TMT is one of the best effective procedures, 
also acknowledged by eminent researchers.  For multibarrier 
structure, analysis at biasing condition provides a theoretical 
estimation about transmission coefficient [5], [7], [9-10], [17], 
[21] from which corresponding eigenstates can be estimated.   

The present paper deals with numerical evaluation of 
eigenenergy of a double quantum well structure with two 
contact layers having finite thickness, and concept of effective 
mass mismatch is introduced at junctions to make the solutions 
closer to realistic results. As effective mass and barrier 
potential, both are function of the mole fraction for GaAs/
AlxGa1-xAs heterostructure, so incorporation of these factors 
for both biased and unbiased conditions along with conduction 
band discontinuity factor provides a good estimation about 
the first two eigenstates as computed, and hence resonance 
tunneling. Both dimensional as well as potential asymmetry is 
incorporated to make a comparative estimation, and electric 
potential is also varied to observe the shift of eigenstates at 
critical electric field. Asymmetric effect sometimes speaks 
for transmission probability at lower eigenenergies, which 
is extremely important when physical structure is made for 
application. 

II. Theoretical Computation
Motion of a single electron in one dimension can be computed 
by using Schrödinger’s equation:

                (1)

Incorporating the concept of effective mass mismatch, i.e. 
spatial variation of effective mass in Schrödinger’s equation, 
we obtain

 
)()()()()(

)(
1

2 *

2

zzEzzVz
zzmz

ψψψ =+







∂
∂

∂
∂

−


        (2)

In order to avoid differentiating discontinuous functions and 
producing infinities, solution of Schrödinger’s equation (2) 
requires envelope function approximation that is both ψ(z) 
and (1/m*)(∂ψ(z)/∂z) are continuous by considering electron 
transport across the heterojunction. 
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In the barrier and well regions, modified Schrödinger’s 
equation’s are-
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where mb* & mw* are the effective masses of barrier and well 
regions, and Vb & Vw are potentials respectively. For the double 
quantum well triple barrier structure under consideration as 
shown in fig, wavevectors for the problem are defined by κ1 & 
κ2 as
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Solution of equations (3) & (4) for different regions of the 
structure gives the eigenenergy of the device in absence of 
electric field. 

When bias is applied along the direction of quantum 
confinement, equations (3) & (4) will be modified as
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where ξ(z) is the external excitation in the form of electric field. 
Solution of equations (6) & (7) for different regions of the 
structure gives the eigenenergy in presence of electric field. 

III. Numerical Analysis
Numerical computation of first two eigenenergy states of 
double quantum well triple barrier structure starts with GaAs/
AlxGa1-xAs material composition with a realistic consideration 
that is assuming the thickness of contact barrier and its 
effect on eigenvalues, which is generally absent in theoretical 

estimation. Fig. 2 shows that with increasing barrier height for 
both contact and middle layers which is directly related with 
mole fraction of Al, eigenenergy decreases with increasing 
contact layer width, and becomes saturated when mole fraction 
becomes 0.2 or more than that. Also the variation of energy 
profile diminishes with increasing contact thickness for higher 
value of Al concentration in absence of electric field for that 
material composition under consideration. 

Fig. 2: Eigenenergy profile with increasing barrier height (mole 
fraction) for different contact layer width in absence of electric 
field

Increment of middle barrier thickness with constant contact 
barrier width shows that eigenenergy almost remains constant 
when electric field is absent, as shown in fig. 3. 

Fig. 3: Eigenenergy profile with increasing barrier width for 
constant contact layer width in absence of electric field

But with increasing well width, eigenenergy rapidly decays and 
ultimately becomes very close to each other, i.e., they form 
a miniband. This phenomenon is observed when well width 
becomes comparable or greater than middle barrier thickness, 
as shown in fig. 4. 
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Fig. 4 : Eigenenergy profile with increasing well width for 
constant contact layer width in absence of electric field.

With increasing potential height of the contact barriers as 
well as of the middle barrier, it is observed that eigenenergy 
decreases slowly, which is expected. But if the structure is 
made potentially asymmetric, then computation reveals the fact 
that eigenenergy of the ground state increases when middle 
barrier potential is less than outside potentials, and for the 
same condition, eigenvalue of the next higher state decreases. 
When potential comparison is reversed, the variations of the 
two states are also reversed, a downward trend is observed 
for the ground state, whereas eigenenergy of the next higher 
state increases. So we can conclude that when potentially 
asymmetric structure is close to its symmetric nature, difference 
of the eigenvalues becomes minimum; otherwise more with 
increase of asymmetric effect, difference of eigenenergies also 
increases. Thus miniband is possible for potentially symmetric 
structure only.   

Fig. 5: Eigenenergy profile with mole fraction (barrier height) 
of middle barrier for specified dimensions

This effect can also be studied by varying barrier width and 
well width independently. In fig. 6, it can be observed that 
when the structure is potentially symmetric, difference of 
the eigenenergies is minimum. It increases when it becomes 
asymmetric, and becomes extrimum when contact potentials 
are higher. This is due to the fact that for higher contact barrier, 
input flux becomes less, and so less no of quantized states is 

possible for the device. But change of barrier width at unbiased 
condition hardly affects the eigenstates. 

Fig. 6: Comparative study of eigenenergy with barrier width for 
both symmetric and asymmetric cases

However, with increasing well width, a drastic reduction of 
energy eigenvalues can be observed, more precisely, when 
middle barrier height is higher. Fig. 7 & fig. 8 shows the 
variation of ground state eigenenergy for symmetric as well 
as asymmetric cases.

 
Fig. 7: Comparative study of ground state eigenenergy with lower 
magnitude of well width for both symmetric and asymmetric 
cases
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Fig. 8: Comparative study of ground state eigenenergy with 
higher magnitude of well width for both symmetric and 
asymmetric cases

Next a comparative analysis is carried out by introducing electric 
field with dimensional asymmetry, and it is observed that by 
increasing barrier width, ground state eigenenergy falls rapidly 
under biasing condition, though it remains almost constant 
when bias is withdrawn. It is due to the bending of the structure 
subjected to electric field. For the next higher state, it remains 
almost constant, though the magnitude decreases, which 
speaks in favor of resonance transmission.

Fig. 9: Comparative analysis of first two eigenstates with barrier 
width for biased and unbiased condition

Similarly, variation of well width also favors transmission 
probability, which can be predicted by studying the variation 
of eigenenergy for biased and unbiased conditions. 

Fig. 10: Comparative analysis of first two eigenstates with well 
width for biased and unbiased condition 

Here for both the states, similar phenomenon can be observed 
where nature of the profile is almost similar to the unbiased 
condition.

If the strength of electric field is increased for a specified 
structure, it is found out that eigenenergy starts decreasing, 
and after a critical value of the electric field, it suddenly jumps 
up to a higher value, and then again starts decreasing. This 

interesting phenomenon takes place due to the fact that after a 
critical value of the field strength, if the eigenenergy goes below 
the lowermost potential value of the structure, then it can’t be 
considered at that point as valid eigenstate, and the next higher 
order state is considered as the ground state eigenenergy level. 
Similarly, for the higher states, one downward shift can be 
expected, and that is valid with the change in barrier height 
also. With increase of barrier height, the shift of eigenstate 
delays, as shown in fig. 11.

Fig. 11: Eigenenergy profile with electric field for the first two 
states with different barrier height 

IV. Conclusion
The composition of material plays an important role in 
determining the resonance transmission probability of TBRT 
structure, which speaks in favor of wave-function engineering, 
i.e., spatial dimensions should be modified to estimate 
the possibility of transmission at lower bias. Also material 
characteristics are researched to estimate the same effect. 
The concept of material dependent effective mass increases 
the level of accuracy of the findings. Applied bias pulls down 
the second well to a large extent, so a shift of eigenstates can 
be observed when field overcomes a threshold value. Finally, 
it can be stated that incorporation of other complex effects 
such as many-electron interaction, interface scattering etc. 
have a sensitive effect on eigenenergies and therefore, should 
be considered in constructing a complete picture of resonant 
tunneling in double triple barrier resonant structures.  
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