
Abstract
Interval arithmetic provides an efficient method for monitoring 
and controlling errors in numerical calculations and can be 
used to solve problems that cannot be efficiently solved with 
floating-point arithmetic. However, existing software packages 
for interval arithmetic are often too slow for numerically intensive 
calculations. While conventional floating point arithmetic is 
provided by fast hardware, interval arithmetic is simulated with 
software routines based on integer arithmetic. Therefore, the 
hardware design for interval arithmetic can provide a significant 
performance improvement over software implementations of 
interval arithmetic. In this paper, we design interval divider unit   
that performs as either interval or floating-point divider. This 
unit requires slightly more area than a conventional floating 
point divider. It provides a significant performance improvement 
over software implementations of interval divider. The unit is 
implemented in Verilog and synthesized to estimate the area 
and the worst case delay. The goal of the divide-add fused unit 
is to increase the performance of the interval Newton’s method. 
Algorithm and architecture for this operation, inspired by the 
ones used for multiply-add fused, are proposed.
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I. Introduction
As noted in [1], the computational speeds of the fastest 
computers have increased by a factor of roughly 100 during 
each of the last three decades, and an increase by a factor of 
1,000 is expected during the present decade. This tremendous 
increase in computing power gives researchers the ability to 
solve previously intractable problems. For large number of 
arithmetic operations, it is important to monitor and control 
errors in numerical computations.

As the number of arithmetic operations increases, the 
probability of inaccurate results due to round off error and 
catastrophic cancellation increases. This calls for an increase 
in the precision of modern computers. Unfortunately, the most 
modern computers only provide hardware support for floating 
point numbers with 64 bits or less. For example, computers 
which conform to the IEEE-754 double-precision floating point 
standard [13] use a 64 bit floating point format with an 11-bit 
exponent and 53-bit significant. As a result, today's numerically 
intensive applications may produce results which are completely 
inaccurate. On most computer systems, there is no efficient 
method to determine the accuracy of the result or increase 
the precision of the computation.If either interval endpoint 
is not representable, the interval is outward rounded (i.e. the 
upper and lower endpoints are rounded towards plus and minus 
infinity respectively, so that the final interval is guaranteed to 
contain the true result). For example, if each interval endpoint 
uses three decimal digits, the interval division [1.53, 1.54] ÷ 
[1.48, 1.49] ≈ [1.02685, 1.04054] is outward rounded to [1.02, 

1.05]. Although naive use of interval arithmetic may result in 
wide intervals, many interval algorithms have been designed 
that produce narrow intervals [3]. Furthermore, since interval 
arithmetic provides a lower and upper 

Table 1: Seven Cases for Interval Division
Case Condition Z Example
1 xl > 0, yl > 0 [xl ÷ yu, xu ÷ yl] (1,2)÷(3,4)       = 

(1/4,2/3 )
2 xl > 0, yu < 0 [xu ÷ yu, xl ÷ yl] (1,2)÷(-4,-3)    = 

(-2/3,-1/4)
3 xu < 0, yl > 0 [xl ÷ yl, xu ÷ yu] (-2,-1)÷(3,4)    = 

(-2/3,-1/4)
4 xu < 0, yu < 0 [xu ÷ yl, xl ÷ yu] (-2,-1)÷(-4,-3) = 

(1/4,2/3)
5 xl<0<xu, yl>0 [xl ÷ yl, xu ÷ yl] (-1,2)÷(3,4)     = 

(-1/3,2/3)
6 xl<0<xu, yu<0 [xu ÷ yu, xl ÷ 

yu]
(-1,2)÷(-4,-3)  = 
(-2/3,1/3)

7 yl < 0 < yu [-∞,+∞] (1,2)÷(-3,4)     = 
(-∞,+∞)

bound for each result, it can be used to solve problems that 
cannot be efficiently solved using traditional floating-point 
arithmetic [3].
The effectiveness of interval arithmetic has led to the 
development of several interval software packages [4,5,8]. 
Although these packages help to monitor and control errors 
in floating-point computations, they are often too slow for 
numerically intensive applications. It has been reported that 
interval arithmetic operations implemented in software take 
tens to hundreds of times longer to execute than equivalent 
floating-point operations [6]. This is due to overhead from 
function calls, rounding mode changes, computing multiple 
endpoints, and testing special cases. Many researchers agree 
that until the performance of interval arithmetic is within a 
factor of five of floating-point arithmetic it will not gain wide-
spread acceptance [6].

To achieve this performance, hardware support for interval 
arithmetic is needed. Previous hardware designs for interval 
arithmetic used dedicated coprocessors [7,17] or functional 
units [9]. However, these units may be prohibitive due to 
external circuitry for interfacing, external path delays, and data 
bus contention. 

This paper presents the design of a combined interval and 
floating point divider, which is constructed by adding a small 
amount of hardware to a conventional floating-point divider 
unit. This approach offers the benefit of having a functional 
unit that performs both interval and floating- point divider, but 
requires less additional hardware than a dedicated interval 
divider unit.
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The goal of divide add fused (DAF) unit is to increase the 
performance of the interval Newton’s method. This algorithm is 
used for solving nonlinear equations and systems of equations 
[18]. It represents one of the most powerful interval arithmetic 
methods, with a wide range of applications (from computer 
graphics to electrical engineering, computer aided design, etc). 
The core operation of this algorithm is division followed by 
subtraction, thus, a DAF unit will increase its performance.

This paper provides the necessary formalism and notations 
of interval multiplication. The different rounding schemes 
for floating point multiplication are presented and proposed 
rounding schemes are introduced. The DAF is presented with 
necessary improvement. The latency and gate counts are 
discussed for different rounding schemes. The last section is 
dedicated to the concluding remarks.

II. Interval divider
As introduced in [10], the interval divider of      X = [xl, xu] and 
Y = [yl , yu] is defined as: 

Z = X ÷ Y
   = [min (xl ÷ yl, xl   ÷ yu, xl  ÷ yl,  xl ÷ yu ),
       max (xu ÷ yl, xu ÷ yu, xu ÷ yl, xu ÷ yu)]

if 0 is not contained in Y. When performing interval divider on 
a computer, it is required that the resulting interval be outward 
rounded.
Interval divider can be computed as:

Z = X ÷ Y
= [min( (xl÷yl), (xl÷yu), (xl÷yl), (xl÷yu) ),
    max ∆(xu÷yl),∆(xu÷yu),∆(xu÷yl),∆(xu÷yu))]

where  denotes rounding downward toward negative infinity 
and ∆ denotes rounding upward toward positive infinity. 
Based on this definition, computing the interval endpoints 
for the quotient Z requires eight floating-point divider and six 
comparisons. It is also necessary to handle special cases in 
interval divider. As defined in [10], interval divider results in Z 
= [-∞,∞] when 0 Є Y. The interval [NaN, NaN] corresponds to 
the empty interval [11]. Furthermore, if either the dividend or 
divisor is empty interval then the result is empty interval.

Another performance limitation of software implementations 
using interval arithmetic is that changing the rounding modes 
in software often requires a large number of cycles.  As noted 
in [12], changing the rounding    modes on IEEE processors 
can take as long as executing six floating point additions, due 
to an inefficient user interface. New floating-point instructions 
is not allowed to until all the floating-point functional units are 
free, which results in a delay of several cycles and severely 
limits pipelined execution.

III. Combined interval and floating point divider
To improve the performance of interval multiplication, hardware 
designs for dedicated interval dividers must be developed. 
Rather than use dedicated hardware to implement interval 
divider, it can share hardware with an existing floating-point 
divider. This approach has the benefit of adding high-speed 
interval divider to an existing divider with relatively minor 
hardware modifications. It also lets interval hardware take 
advantage of advances in floating-point hardware and VLSI 

technology, and eliminates the overhead of transferring data 
between the main processor and an interval processor. 

The interval divider presented in this section is designed to 
handle normalized numbers in the IEEE double precision 
format [2,13]. Fig 1 shows a block diagram of an IEEE double 
precision divider unit. This divider unit consists of input and 
output registers, sign logic, an exponent unit, and a divide and 
unit with rounding and normalization logic.  The  rounding 

Fig. 1: IEEE floating point divider unit

Fig. 2: Combined floating point and interval divider unit
logic rounds the product to 53 bits, based on a 2-bit rounding 
mode (rm).

Fig. 2: shows a block diagram of the combined interval and 
floating-point divider unit. Compared to the floating point divider, 
the combined unit requires two additional input registers and 
one additional output register. It also requires control logic 
and multiplexers to select the interval endpoints, and control 
logic to set the rounding mode appropriately. By setting certain 
control bits, this unit is capable of performing either interval 
or floating-point division.

Two multiplexers select the endpoints to be divided based on 
the toggle bits, tx and ty. If the toggle bit is one, the lower interval 
endpoint is selected. Otherwise, the upper interval endpoint is 
selected. The values for the toggle bits are determined based 
on the sign bits of the interval endpoints, sxl, sxu, syl, and syu, 
whether floating-point   or   interval   divider    is    to   be 
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Table 2 : Setting Sign and Toggle Bits for  Interval Division

performed, and whether the lower or upper interval endpoint of 
the result is to be computed. A control bit le is set to one when 
the lower interval endpoint is being computed and zero when 
the upper interval endpoint is being computed. A control bit fp 
is set to one for floating-point operations and zero for interval 
operations. Table 2 shows the value of the sign and toggle bits 
for the seven cases for divider. In case 7 for division exceptional 
behavior occurs. To simplify the design, the approach taken in 
this paper is to have the interval divider unit detect these cases 
and signal a trap to software by setting the interval exception 
(ie) flag to one. For these cases, the values for the toggle bits 
are irrelevant, which is indicated by an X. Based on Table 2 
and the previous discussion, the logic equations for the toggle 
bits and the interval exception flag are:

The rounding mode for the divider is specified by the control  
bits.  When floating-point  divider

Table 3 : Values of Rounding Mode Bits
Rounding mode fp_rm1 fp_rm0
Rounding to nearest even 0 0
Round towards zero 0 1
Round toward positive infinity 1 0
Round toward negative 
infinity

1 1

is performed, the two bits for the rounding mode come from 
the floating point status and control register, as it is done on 
most IEEE compliant processors. When an interval division is 
performed, the rounding mode from the floating point status 
and control register is modified accordingly. These bits are 
denoted as fp_rml and fp_rm0. The design presented here 
uses the values for the rounding mode bits given in the Sparc 
Architecture Manual [14] and shown in Table 3. The rounding 
mode bits rm1 and rm0 are determined as follows:

  rm1 = fp_rm1 + fp
  rm0 = fp_rm0 . fp +  le.fp

To demonstrate the feasibility of this approach, a combined 
interval and floating- point divider was designed and simulated 
at the behavioral level using Verilog HDL. The significand divider 
unit, shown in Fig 3, is a minimally redundant radix-4 SRT [15] 
divider unit with estimation on the quotient digit and the use 
of a redundant adder/subtractor in the recurrence operation 
[16]. The residual wj is stored in redundant form as sum and 
carry bits, while the divisor d is stored in conventional form. 
The recurrence takes the form:
       
         wj+1 = 4 .wj – qj+1 . d
where qj+1 is the quotient digit for divider. The selection of 
the quotient digit, which is implemented via a PLA, takes the 
truncated divisor, d, and the partial remainder, and produces 
the next quotient digit. The design of this divider unit is similar 
to the one presented in [16].

Fig. 3: Significand divider unit

The core of the divider is the carry-save adder (CSA) which 
performs the subtraction in each iteration. The result from 
the CSA feeds back to the residual registers after each 
iteration. Because the result is in redundant form, an on-the 
fly conversion unit is required to convert the signed-digit result 
into a conventional representation.

IV. Floating point divide-add fused for interval Newton’s 
method
Using dedicated hardware units for combined operations has 
several advantages: better accuracy, improved performance and 
reduced area and power consumption. When such operations 
are frequent enough, the implementation of dedicated hardware 
is suitable. In conventional FP arithmetic, the usage of multiply-
add fused unit has become trivial [19]. Regarding division 
followed by addition/subtraction, this operation occurs in less 
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than 1% of all total floating point operations [20]. Therefore, 
implementing such units was not practical. However, in interval 
arithmetic, division followed by subtraction is the core operation 
of the interval Newton’s method [9]. This interval arithmetic 
algorithm is used for solving nonlinear equations and systems 
of equations and has a wide range of applications (computer 
graphics, electrical engineering, scientific computations, etc). 
Thus, a divide-add fused unit represents an advantage for this 
method. The algorithm for the divide-add fused comprises of 
the following steps:

1. Subtract the exponents in order to determine the amount 
for the alignment shifting.

2. Alignment shifting of the addend mantissa in order to align 
it with the quotient.

3. Quotient and remainder computation.
4. Addition of the obtained quotient to the aligned addend.
5. Complementation of the result in case it is negative.
6. Determine the amount of leading zeros (by using a leading 

zero predictor) in parallel with the addition.
7. Normalization of the result.
8. Rounding.

The architecture of the divide-add fused is similar to the 
one used at multiply-add fused [19]. The main difference is 
represented by the divider, instead of the tree multiplier used 
in multiply-add fused. The divider is implemented using digit-
recurrence algorithms  (such  as  SRT  [15]),  because  of 

Fig.4: Divide add fused architecture with sequential divider

their lower cost compared to the iterative methods and an easy 
to obtain remainder. The divider can be implemented either 
using a fully combinational network, either using a sequential 
division unit (Fig. 4). 

The main issue regarding the implementation of a divide-
add fused unit is represented by the number of quotient bits 
needed. A large number leads to a better accuracy, but also to 
a lower performance. The worst case scenario is represented 

when the exponents’ difference is 0 or 1. This case is similar 
to the CLOSE path in the double path adders. In case of an 
effective subtraction, a large number of leading zeros may 
appear. Thus, in order to obtain a correctly rounded result a 
large number of quotient bits is required. 

Two architectures are proposed: one favors accuracy, while 
the other favors performance. The pro-accuracy architecture 
uses quotient bits. A correctly rounded result is obtained when 
leading zeros do appear. The pro performance architecture 
uses quotient bits. This number is the same as in floating point 
dividers [15,22]. In case of a leading zero, the result will not 
be correctly rounded.

V. Discussion
When the combined divider unit is used to compute the division 
of a floating-point number, the least significant bit of the result 
is not guaranteed to be same compared to a result based on 
an infinite precision. This may not be a problem especially for 
digital signal processing applications. Actually, single precision 
version of the same unit could be sufficient enough for digital 
signal processing and multimedia applications.

Area and cycle time estimates are given in Table 4 for the 
combined interval and floating-point divider unit, along with 
estimates for an IEEE double-precision divider. The area 
estimates are based on data from 0.4 micron CMOS standard 
cell library [17]. Compared to the IEEE double-precision divider, 
the combined interval and floating-point divider unit requires 
three additional 64-bit registers, and the multiplexers and  
control 
Table 4: Area and Cycle Time Estimate

Divide Unit Area(mm2) Cycle Time(ns)
Floating Point 2.72 5.80
Combined Unit 3.38 5.80

logic for selecting the interval endpoints. It uses approximately 
24% more area.

The IEEE double precision divider requires 28 cycles to perform 
floating-point operations. In comparison, the combined unit 
requires an additional cycle for the endpoint selection logic. 
The combined unit requires 57 cycles to perform interval 
operations, because both the lower and upper endpoints need 
to be computed. One cycle is saved by overlapping the last 
divide iteration for the lower interval endpoint with the endpoint 
selection for the upper interval endpoint.

In order to estimate cost and performance, Verilog modules 
for the two architectures have been built. These have been 
compared with the solution based on a floating point divider 
and the [21] floating point adder. The implemented dividers are 
based on a SRT radix-2 stage used in [22]. All three dividers are 
fully combinational. The number of quotients bits is 14 for the 
floating point divider and the pro performance divide-add fused, 
and 25 for the pro-accuracy divider. Results are presented in 
Table 5. The results show that the pro-performance divide-add 
fused presents the best cost and latency.

Regarding the interval divide-add fused, two floating point 
operations are required. This is due that both interval addition/
subtraction and interval division require only two floating

82 InternatIonal Journal of electronIcs & communIcatIon technology

IJECT Vol. 2, IssuE 1, MarCh 2011 I S S N  :  2 2 3 0 - 7 1 0 9 ( O n l i n e )   |   I S S N  :  2 2 3 0 - 9 5 4 3 ( P r i n t )

w w w . i j e c t . o r g



Table 5: Performance and Latency Estimate of DAF
Latency(ns) Gate 

Count
Pro-accuracy 112.657 1904
Pro-performance 63.547 862
FP Divider + Adder 77.576 1222

point operations (unlike multiplication) [9]. Using a floating point 
divide-add fused unit, the two operations can be performed in 
a sequential manner. Furthermore, the divide-add fused unit 
can also be used for interval division and interval addition (like 
the multiply-add fused which is also used for multiplication 
and addition). 

VI. Conclusion
This paper introduces a hardware unit that supports both 
interval and floating-point division operations. It is implemented 
by making minor modifications to a conventional floating-point 
divider the true result is contained in the result interval. The 
combined interval and floating-point divider provides a significant 
performance improvement over software implementations 
of interval division. Using this approach, the interval divider 
requires only a small increase in area while being able to handle 
both interval and floating point division with the same unit. The 
design has been verified using Verilog HDL.

The goal of the divide-add fused is to improve performance 
of the interval Newton’s method. This algorithm is used for 
solving nonlinear equations, being one of the most frequent 
used interval arithmetic algorithms. The algorithm and the 
architecture of the divide-add fused is similar to the one used 
for multiply-add fused. The main issue is designing a divide-
add fused is represented by the required number of quotient 
bits. Two architectures are proposed: one suitable for accuracy, 
and the other for performance. These two architectures are 
compared with the solution based on a floating point division 
and adder. The cost and performance estimates show that the 
properformance architecture represents the best trade-off. The 
divide-add fused can also be used for interval division.
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