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Abstract
For solving the nonlinear differential equation of the pendulum 
considering the mass of the string, here we apply the energy 
conservation principle to find the dependence of the time period 
on the amplitude of oscillation. The purpose of this paper is to 
present a method for calculating stray capacitances of single-layer 
solenoid air-core inductors using an analytical approach based 
on few simplifying assumptions. In this paper, for the first time, 
the effects of stray capacitance are discussed and analyzed using 
energy balance principle. We use energy balance principle to arrive 
at the required solution in case of a Van der pol oscillator. The 
governing equation can be written in terms of circuit parameters 
of the vacuum tube oscillator.
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I. Introduction
In a conservative system the total energy is constant. That is the 
total mechanical energy (Kinetic and potential energy) of an object 
in Newtonian Physics is given as 

Kinetic Energy (KE) + Potential Energy (PE)  = E = Constant (1)

In a mechanical system like free vibration or oscillation in damped 
free mass-spring system or damped free oscillation of a simple 
pendulum or oscillation in an lossless electrical or electronics 
inductance-capacitance combination, the kinetic energy (KE) is 
stored in the mass by virtue of motion and potential energy (PE) 
is stored by virtue of its position i.e. in the formation of stain 
energy in elastic deformation or due to the work done against 
gravity.  There can be two simple situations, namely, (1) Excited 
sinusoidal or nearly sinusoidal oscillation and (2) Self-excited 
nearly sinusoidal oscillation. Whereas oscillations in a loss free 
electrical circuit (i.e. a combination of L and C) or in an electronic 
self excited oscillator PE is stored in the capacitor by virtue of 
stored energy and KE is stored in the inductive element by virtue 
of the flow of current through it. There are, as we know, two 
parameters of oscillation, namely the amplitude and frequency of 
oscillation. In the first case, the amplitude of oscillation is known 
because it depends on external excitation but the frequency is 
known; whereas in the second case the frequency of oscillation is 
known, as it is determined, by the resonant frequency of the system 
but its steady state amplitude of oscillation is not known. 
One can apply the following two principles for the two cases. 

  (2)
 ‘1’ and ‘2’ represent two instances of time. For the self-excited 
situation, if we denote the total energy by E , then For periodic 
motions

0
0

T dE dt
dt

=∫      (3)

II. Simple Pendulum
In this section we will illustrate the use energy balance principle 

to find the frequency of oscillation when it is executing large 
angle oscillation that is , and the mass of the string 
is taken into account. Here we consider that the pendulum bob is 
point mass. The parameters of the oscillating sample pendulum 
are illustrated in the fig.1.
Potential Energy stored in the bob can be written as [1]

 (4)
To calculate the potential energy stored by the string, consider 
any point '' y on the string and of the length dy. Then the mass of 
elementary length  of the string is , where sm the 

mass of the string is. Therefore, the potential energy stored by 
the string is 

   (5) 
Now the total potential energy of the system PE is given by 

B SPE PE PE= +

  (6)
Similarly Kinetic Energy stored by the bob

And Kinetic Energy stored by the string is 

  
The Kinetic Energy KE stored by the system is 

     (7)   
Using the energy balance principle one can write

max max( ) ( )KE PE=

That is the frequency of oscillation of the pendulum will be
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  (8)

Fig. 1: Oscillating Pendulum

III. Loss Free Resonant Circuit at High Frequency
Operating at high frequency presents unique problems in the design 
of tune circuit using inductance to minimize the effect of winding 
capacitance. Inductance winding capacitance is detrimental in two 
ways: (1) winding capacitance can drive the circuit into premature 
resonance; (2) winding capacitance can produce electrostatic 
coupling to other circuits. The behavior of air-core inductors at 
high frequencies is very different from that at low frequencies. 
The parasitic capacitances of the winding cannot be neglected at 
high frequencies. Parasitic capacitances significantly affect the 
inductor behavior and are responsible for resonant frequencies. 
An inductor behaves like a capacitor above its first (parallel) self-
resonant frequency. Therefore, for an accurate prediction of the 
response of these inductors, the calculation of stray capacitances 
may be crucial for the design. Since the parasitic capacitances are 
distributed parameters, predicting the frequency response of an 
inductor is a difficult task [2-3].

Let us now consider a simple parallel tuned LC circuit with the 
inductance L comprises of ''n  turns with C∆  as the intra winding 
capacitance between two coils. Let us suppose that the system 
execute an oscillation   where '' A  depends on the 
initial thrust generated by the condenser charge electromagnetic 
energy. 
Electrostatic energy stored in the tuning capacity is given by 

 C is the tuning capacitance of the parallel resonant circuit.
And electrostatic energy stored in the capacity C∆ between two 
consecutive turns is 

( ) 21 ( )
2s cE C v

∆
= ∆ ∆   when n

vv =∆

and n is the number of turns of the inductor coil. 

Total electrostatic energy stored in such ( )1−n  capacitors is 

Therefore, electrostatic energy stored in all C∆  and C
2

2
1 1( ) 1 .
2s total

C nE CV
C n
∆ − = +  

   (9) 

Electromagnetic energy stored in each L∆ is given by 

That is, total electromagnetic energy stored in the inductor of n 
turns

   (10)
where n L L∆ =   
Therefore, using the principle of energy balance one can write

( ) ( ) ( ) ( )max minmax minC C M ME E E E+ = +

The frequency of oscillation will be 

    (11)

IV. Van der Pol Oscillator: the Mathematical Oscillator
As early as in 1934 Van der Pol developed the mathematical 
model of a self-excited vacuum tube oscillator. He developed the 
mathematical model of the oscillator as 

     (12)
where 
v = output of the oscillator 

= Resonant frequency of the oscillator tank circuit
Q = Quality factor of the tank circuit

= signifying the non-linearity between the input –output 
of the vacuum tube. 
As Van der Pol and many others solved this non-linear equation 
in order to find the solution in the form of a nearly sinusoidal 
oscillation like  Here 'A '  is the amplitude of 
oscillation. There methods are quite involved. Unlike these we 
use energy balance principle to arrive at the required solution. The 
governing equation can be written in terms of circuit parameters 
of the vacuum tube oscillator. 
Note that 

where gv is the voltage, when it converted to output (with 1800 
phase shift between the input and output required for oscillation) 
the output voltage can be written as
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Therefore, the system equation become 

That is, 

Since the tank circuit comprise LR,  and C . Therefore the energy 
stored in the circuits

2 21 1
2 2

E Li Cv= +
    (13)

Where i is current through the inductance. Further, 

Rcp iiii ++=

i.e.    

where 
R

G 1
=

Differentiating E with respect to ‘time’ one gets

   

That is,    (14)
 
Noting that for periodic nature of the solutions 

i.e. 

Putting 

Therefore     (15)

V. Conclusion
For solving the nonlinear differential equation of the pendulum 
considering the mass of the string, here we apply the energy 
conservation principle to find the dependence of the time period 
on the amplitude of oscillation. The effects of stray capacitance 
are discussed and analyzed using energy balance principle. We use 
energy balance principle to arrive at the required solution in case 
of a Van der pol oscillator. The governing equation can be written 
in terms of circuit parameters of the vacuum tube oscillator.
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